The bulk of the work completed during the period is summarized in three previous reports, listed as references [1] [2] [3] . Reference [4] cites the final progress report from the previous project (funded under the NASA Contract NAG-I-784).
The work completed during the period from December 1, 1988 to June 30, 1989 (See Ref. [1] ) consisted primarily of extensions to the analysis reported in reference [4] to include a number of important considerations, in particular, the vehicle model was extended to include angle of attack effects, the thrust vector component normal to the velocity vector, and flight in the subsonic and supersonic regimes.
A multi-mode propulsion system consisting of turbojet, ramjet, scramjet and rocket engines was assumed and simple models for thrust generation and fuel consumption were adopted for each engine cycle. The state-space was further constrained by considering a maximum allowable heating rate. Singular perturbation methods were applied to this more realistic model, leading to a simple algorithm suitable for generating a nearly-fue!-optimal altitude profile in real time. A simple iterative algorithm was derived that approximates the optimal engine transition points and the regions of cycle overlap. Feedback linearization was employed to derive an angle of attack controller which can be used to guide the vehicle along the nearlyfuel-optimal altitude profile in simulations of flight within the atmosphere. A computer subroutine based on the space shuttle explicit guidance algorithm was written to handle the exoatmospheric phase of ascent guidance which allows for the simulation of insertion into orbit. The resulting software was employed to examine the influence of the added model complexity on the fuel-optimal ascent trajectories and the performance of the guidance algorithms_ During the second reporting period, up to December 31, 1989 (See Ref. [2] ) general problems associated with on-board trajectory optimization, propulsion system cycle selection, and with the synthesis of guidance laws were addressed for ascent to low-Earthorbit of an air-breathing, single-stage-to-orbit vehicle. The work built directly upon the analytical results of reference [1] . A good portion of the work focused on making improvements to the vehicle models employed. In any singular perturbation analysis, every attempt should be made to identify the perturbationparameterin termsof the original problemparameters (which in general includethe boundaryconditions)sothatthe physicalprocessthatgivesriseto thetwo time scalebehavioris clearly understood. Then, the rangeof parametervalues for which the perturbationanalysisis valid canbeeasilyidentified.Knowledgeof time scaleseparability presentin the systemdynamics,and successin exploiting this characteristicto obtain approximatesolutions,is not, in itself justification for artificially introducing e.That is, within theframeworkof our systemof logic it is alwayspossibleto haveconclusionsthat aretrue, which follow from assumptions that are wrong.
Our work has partially rectified this situation by presenting a systematic (albeit still adhoc) approach to nondimensionalize variables in nonlinear optimization problems in flight mechanics.
Most of the considerations that were presented apply in other fields as well. Our main motivation for collecting and stating these considerations was to define the thought process by which it is possible to arrive at a suitable scaling of the aircraft energy climb problem.
Of particular interest was the assessment of the applicability of energy state approximations and singular perturbation analyses for airbreathing transatmospheric vehicles with hypersonic crmse and orbital capabilities.
The major result of our effort was the demonstration that for energy climbs that take place on a vertical plane the singular perturbation parameter e is always equal to the maximum longitudinal loading factor of the vehicle. Two time scale behavior is suggested according to whether e is less than one or not. Based on this result it is straightforward to see why singular perturbation methods applied to aircraft performance optimization have worked so well in the past. The maximum longitudinal loading factors associated with the majority of conventional aircraft are either less than one because the aircraft lack very high thrusting capabilities, or because they are restricted to be so for other reasons (structural, comforting, etc.). A few notable exceptions do occur for some modern fighters. This directly suggests that most conventional aircraft can be expected to exhibit two-time-scale behavior for almost any energy climb that they are allowed to perform. This then appears to be the reason for the past success of so many singular perturbation treatments of aircraft energy climbs. The implication for transatmospheric vehicles is rather direct. If we consider such a vehicle as a passenger transport, then, in order to assure passenger comfort it is only natural to impose as a constraint a maximum longitudinal loading factor for the vehicle that is less than one. Our work suggests that such a constraint would imply two-time-scale behavior for any type of energy climb that such a vehicle would be allowed to perform. Therefore, singular perturbation formulations of such maneuvers still appear to be promising, even with all the added complexities that the flight regimes of such vehicles can involve.
A paper which reports on our progress has been presented at the 1991 AIAA GN&C Conference.
A copy of the paper is included as an Appendix.
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Subsonic-Supersonic
and E rather than V has been employed as a state variable.
In many of the earlier singular perturbation studies the traditional way of writing down Eqs. (2) and (3) was:
that is, by artificially introducing a parameter e and then stating that its nominal value was equal to 1.
Since our main purpose in the present paper is to avoid such an artificial introduction at the outset, Eqs.
(5) and (6) will serve only as a guide for the natural introduction of e..
Nondimensional form
The first step is to put Eqs. 
The elements of the set S are at this point arbitrary positive quantities, and the only restriction that we impose upon them is that: Using the elements of S to def'me the nondimensional quantifies:
Eqs. (1) through (3) can be put into the following nondimensional form:
The goal is now to put Eqs. (10) through (12) in the traditional singular perturbation format. We thus multiply both sides of Eqs. (11) and (12) (1), (5) and (6), it is evident that we can make the two sets similar by imposing the following four conditions on the elements of the set S: It is interesting to note that a good deal can be anticipated from Eq. (30) for conventional aircraft without exact numerical evaluation: (T-D)max divided by mg is approximately equal to sin3'max where Table 1 .
max Table  1 Estimation of etrB based on Eq. Note again that in earlier singular perturbation studies 9, the traditional way of writing down Eqs. 
Again, in order to avoid this artificial introduction, Eqs. (38) and (39) will serve only as a guide for the natural introduction of e.
Nondimensional Form
In order to put Eqs. Eqs. (33) through (36) can be put into the following nondimensional form:
In order to put Eqs. (43) through (46) in the traditional singular perturbation format, we multiply both The question arises again as to whether there is a particular choice for these three elements for which the resulting value of e can be used as a measure for the applicability of a singular perturbation analysis to Eqs. Eq. (63) results in an e that is less than one just as in the Flat Earth, Subsonic-Supersonic case.
Numerical validation
It was shown in the preceding sections that for aircraft energy climbs that take place in a vertical plane, the singular perturbation parameter e can always be identified as the maximum longitudinal loading factor of the vehicle, measured in units of sea-level g's. In order to further explore the implications of this result, numerical evaluations of e will be presented in this section for several types of vehicles.
The idea that the authors would like to introduce at this point is that in general, for a given aircraft, it The reduced solutions corresponding to these problems are obtained by maximizing (with respect to V) at each energy level the quantities (T-D)V for the former and [(T-D)V]/(V0-V) for the latter, where V0 is the maximum possible cruising speed of the aircraft and D is calculated at L=mg. Fig. 1 shows the actual paths in the envelope corresponding to these reduced solutions and to the maximum longitudinal loading factor of F-8. Fig. 2 shows the results for e evaluated along these climb paths. Since the maximum longitudinal loading factor of F-8 stays always below one in Fig. 2 , it is reasonable to assume that for a any optimization problem, if the required energy gain is sufficient, the transitions to the reduced solution -will take place at nearly constant E, exhibiting the well known boundary layer structure. Fig. 4 are much higher than the ones corresponding to F-8 (compare with Fig. 2 ). In particular there is a small region at low energy where e exceeds one, implying that two time scale separation at these energy levels may not be appropriate for the above two optimization problems. is the fuel consumption rate at this cruising flight condition 7. It is interesting to note the very low levels of e in Fig. 6 (compare with Figs. 2 and 4 ), suggesting two time scale behavior for the entire envelope.
Finally, Figs. 7 and 8 climb that they are allowed to perform. This then appears to be the reason for the past success of so many singular perturbation treatments of aircraft energy climbs. The implication for transatmospheric vehicles is rather direct. If we consider such a vehicle as a passenger transport, then, in order to assure passenger comfort it is only natural to impose as a constraint a maximum longitudinal loading factor for the vehicle that is less than one. Our work suggests that such a constraint would imply two-time-scale behavior for any type of energy climb that such a vehicle would be allowed to perform. Therefore, singular perturbation formulations of such maneuvers still appear to be promising, even with all the added complexities that the flight regimes of such vehicles can entail. 
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